Introduction {#Sec1}
============

Symmetry (i.e. invariance under a Lie group action) greatly facilitates the study of variational problems, both for the construction of explicit solutions of the variational equations and for their qualitative analysis. A rich variety of information arises from Lie symmetries of variational problems, especially when they are formulated geometrically. For example, a vast literature exists on the topic of reduction by symmetry. In the theory of reduction by symmetry, the idea is to take advantage of the group of symmetry to reduce the dimension of the phase space for the variational problem, thereby making the problem easier to solve. When performing such a reduction, one must provide a method for the reconstruction of the solutions of the original, un-reduced variational problem from solutions of the reduced problem. In the context of field theory, this step requires additional compatibility conditions, not needed in classical mechanics.

Surprisingly, there are instances where this procedure is more useful backwards. For example, a variational problem can appear to be rather complicated but may be recognised as the reduction by a certain group of symmetries of a simpler variational problem. Although the dimension of the corresponding un-reduced configuration space will be larger, the equations or the space itself may be simpler. Furthermore, the existence of this group of symmetries will shed light on the nature of the original equations. The idea of enlarging the configuration space of a variational problem can be found in classic references such as \[[@CR23]\]. However, geometric mechanics enhances our understanding of reduction, by showing how the structure of the variational equations changes under regular reduction by symmetries. For example, in the theory of Lagrange--Poincaré reduction (i.e. when the configuration space is a manifold *Q* on which a Lie symmetry group *G* acts properly, see \[[@CR8]--[@CR10], [@CR17]\]), the reduced variational equations split in two. The first equation is an Euler--Lagrange operator coupled with a gyroscopic term (the curvature of a chosen connection $\documentclass[12pt]{minimal}
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                \begin{document}$$Q\rightarrow Q/G$$\end{document}$). The second equation is a conservation law, or Euler--Poincaré equation. In order to have a free variational problem in the reduced space, or equivalently Euler--Lagrange equations, one needs to introduce forces into the un-reduced principle so that the equations will decouple. The choice of this force can be made by splitting the Lagrangian into horizontal and vertical parts with respect to the connection $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}$$\end{document}$. This is the un-reduction construction given in \[[@CR6]\] for variational problems in mechanics and generalised in this article to a covariant field theoretical setting. We will also explore the interesting situations which arise when the parameter manifold is no longer simply connected.

The main motivation of \[[@CR6]\] was in shape analysis: given two planar shapes $\documentclass[12pt]{minimal}
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                \begin{document}$$S_{1},S_{2}\in \mathrm {Sh}(\mathbb {R}^{2})$$\end{document}$, understood as closed curves in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^{2}$$\end{document}$, they seek the optimal path of shapes joining $\documentclass[12pt]{minimal}
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                \begin{document}$$S_{2}$$\end{document}$. This problem is also analysed in \[[@CR12], [@CR29]\] and references therein. The shape space $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Sh}(\mathbb {R}^{2})$$\end{document}$ is a complicated infinite dimensional manifold but in fact $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Sh}(\mathbb {R}^{2})=Q/G$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$G=\mathrm {Diff}^{+}(S^{1})$$\end{document}$, and *Q* is the space $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Emb}^{+}(S^{1},\mathbb {R}^{2})$$\end{document}$ of positively embedded parametrisations of the circle in the plane. The space of embeddings turns out to be a simpler functional space than the shape space $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Sh}(\mathbb {R}^{2})$$\end{document}$. By means of conveniently chosen forces, one may use the un-reduction scheme to lift the problem of curve matching to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Emb}^{+}(S^{1},\mathbb {R}^{2})$$\end{document}$. In simpler terms, this means that the parametrisations of the curves are now included in the configuration space. For field theories, this situation becomes richer. In particular, we can study matching of shapes depending on, say, two independent variables. A primary case is where the shapes depend on time and another parameter, for example labelling a set of subjects in a research study. This so-called spatio-temporal analysis of shapes is a recent and active field of research. We will briefly explain this method here and refer the reader to \[[@CR14], [@CR19], [@CR31]\] for more details. In spatio-temporal shape analysis, there are two main approaches: the time-specific and subject-specific approaches. Their difference is in the variable which parametrises the evolution in shape comparisons; either for a certain subject at a sequence of times, or for a sequence of subjects at a certain time. The two approaches to the spatio-temporal construction are illustrated in Fig. [1](#Fig1){ref-type="fig"}, which shows that either of the two methods may be obtained from the other by exchanging the roles of the *x* and *t* variables. Here, in the context of field theory, the evolution of both *x* and *t* is studied together in a single equation. Note that the number of these variables is not limited to be 2, although we will often discuss two-dimensional examples for the sake of simplicity. A remarkable extension of the spatio-temporal matching is also found in \[[@CR14]\] where the authors build a subject-specific approach together with a time reparametrisation, with interesting applications to the compared evolution of *Homo Sapiens Neanderthalensis*and *Homo Sapiens Sapiens*, or bonobos and apes. However, the deformations are not completely general in \[[@CR14]\], because of certain statistical constraints. The configuration space of this approach is $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Diff}(\mathbb {R}^2)$$\end{document}$ together with the time reparametrisation in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Diff}(\mathbb {R})$$\end{document}$.Fig. 1This diagram illustrates the spatio-temporal deformation of curves in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Sh}(S^1,\mathbb {R}^2)$$\end{document}$ that is considered in this work. The combination of spatial and temporal deformations, where the precise meaning of space and time has to be defined depending on the context, allows for a simultaneous deformation of a curve along two parameters. The solution is then a function of (*x*, *t*) which minimises an given energy functional. In the simplest case of quadratic energy functional, the solution is known as being a harmonic map

Another improvement compared to \[[@CR6]\] is with the use of a Riemannian metric in the space of embeddings that depends on derivatives of the curve (i.e. a Sobolev metric), which is a more appropriate metric for the dynamical evolution of curves. We refer to \[[@CR3], [@CR4]\] for more details on this topic. In \[[@CR1]\], the authors further investigated this approach with a simple numerical test in the classical mechanical setting, but more work would be needed in order to obtain a reliable numerical scheme.

Apart from the motivation which arises from curve matching, we point out two other completely different areas of mathematical physics where covariant un-reduction is already present. The first example arises in the study of $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$-models, introduced in \[[@CR18]\], which consist of harmonic maps with values in homogeneous spaces *G* / *H*. Here, we will show that the $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$-models may also be written as an un-reduction problem in *G*. Interestingly, we may sometimes combine the un-reduction method with another Euler--Poincaré reduction and obtain a different set of equations written on a vector space instead of a homogeneous space. These equations have already appeared in the literature. However, the understanding of their geometric meaning is enhanced, by using a concatenation of un-reduction and reduction. In a second example, covariant un-reduction is applied to hyperbolic curve evolution, regarded here as a simple geometric construction of other more sophisticated geometric flow equations.

*Plan and main contents of the paper* Section [2](#Sec2){ref-type="sec"} reviews the basic concepts of covariant Lagrange--Poincaré reduction, before formulating the main result of the paper, which is the un-reduction theorem [2](#FPar2){ref-type="sec"}, in Sect. [3](#Sec5){ref-type="sec"}. Section [4](#Sec10){ref-type="sec"} provides examples of explicit applications of the un-reduction theorem for curve matching in the plane in Sect. [4.1](#Sec11){ref-type="sec"}, nonlinear $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$-model in Sect. [4.2](#Sec14){ref-type="sec"} and finally hyperbolic curve evolution in Sect. [4.3](#Sec15){ref-type="sec"}. Each of these examples demonstrates the method of un-reduction and illustrates different ways to take advantage of the geometry of the reduced space.

Covariant Lagrange--Poincaré reduction {#Sec2}
======================================

The main result of the paper will be formulated as Theorem [2](#FPar2){ref-type="sec"} in the next section. This section first reviews the basic concepts of covariant Lagrange--Poincaré reduction. The version of this reduction in mechanics takes place when a Lie group of symmetries *G* acts properly on the configuration manifold *Q* of the variational problem under study (for example see \[[@CR10]\]). In the field theoretical setting, the group of symmetries acts on a fibre bundle $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi : E \rightarrow N$$\end{document}$ by vertical diffeomorphisms, that is, actions such that $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi (y\cdot g)=\pi (y), \forall y\in E, g\in G$$\end{document}$. We refer the reader to \[[@CR8], [@CR9], [@CR17]\] for the exposition of the theoretical framework of this procedure. For our purposes, in this article we have adapted these results as follows. On one hand, we just consider trivial bundles $\documentclass[12pt]{minimal}
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                \begin{document}$$Q\times N \rightarrow N$$\end{document}$, so that the dynamical objects of interest are mappings from *N* to *Q* and the problem is defined by a first-order Lagrangian defined in the first jet space $\documentclass[12pt]{minimal}
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                \begin{document}$$J^1(N,Q)$$\end{document}$. This simplification is mainly done for convenience in the applications, although the theoretical core of this work can be done in full generality. On the other hand, we need to incorporate forces to our scheme, which will induce new terms in the equations in a straightforward manner.

Background material {#Sec3}
-------------------

We will review here the background notions of differential geometry that we will use throughout this work and refer the reader to \[[@CR20], [@CR24]\] for more extensive texts on differential geometry and field theory.
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                \begin{document}$$\pi : Q\rightarrow Q/G=\Sigma $$\end{document}$ be a *G*-principal bundle where the action $\documentclass[12pt]{minimal}
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                \begin{document}$$g\in G$$\end{document}$, is assumed to be on the right. Recall that a principal connection $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {g}$$\end{document}$-valued 1-form in *Q* such that the equivariance property $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A(\xi }_{Q})=\mathcal {\xi }$$\end{document}$, for any $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi \in \mathfrak {g}$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi _{Q}$$\end{document}$ is the infinitesimal generator of the right action $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi _{Q}(q):=d/d\varepsilon |_{\varepsilon =0}R_{\exp (\varepsilon \xi )}(q)$$\end{document}$. This definition is equivalent to a choice of *G*-invariant splitting of the tangent bundle *TQ* into horizontal and vertical parts$$\documentclass[12pt]{minimal}
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                \begin{document}$$p^{v}:TQ\rightarrow VQ$$\end{document}$ the induced projections. The curvature of $\documentclass[12pt]{minimal}
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                \begin{document}$$(R_g)^*\mathcal {B}=\mathrm {Ad}_{g^{-1}}\circ \mathcal {B}$$\end{document}$. One can also define a 2-form in $\documentclass[12pt]{minimal}
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                \begin{document}$$\Sigma $$\end{document}$, but taking values in the adjoint bundle $\documentclass[12pt]{minimal}
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                \begin{document}$$u^{h}_q$$\end{document}$ stands for the unique tangent vector (the horizontal lift of $\documentclass[12pt]{minimal}
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                \begin{document}$$T\pi \left( u^{h}_q\right) =u_\rho $$\end{document}$. The definition does not depend on $\documentclass[12pt]{minimal}
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                \begin{document}$$q\in \pi ^{-1}(\rho )$$\end{document}$ because the curvature is also equivariant.

Let *N* be an oriented manifold endowed with a volume form $\documentclass[12pt]{minimal}
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                \begin{document}$$Q\rightarrow Q/G$$\end{document}$, we have a diffeomorphism$$\documentclass[12pt]{minimal}
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Lagrange--Poincaré reduction {#Sec4}
----------------------------

In the sequel, we will assume that *N* is compact or that the domain of variations of the maps $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar1}

(Covariant Lagrange--Poincaré reduction with forces) Let     $\documentclass[12pt]{minimal}
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We will not give the proof of this theorem here but only an important remark. Given a solution of the Lagrange--Poincaré equations ([4](#Equ4){ref-type=""}), the reconstruction of a solution of the initial variational problem requires a compatibility condition. Given the map $\documentclass[12pt]{minimal}
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The covariant un-reduction scheme {#Sec5}
=================================

We are now almost ready to describe the un-reduction scheme for field theories. As in the case of mechanics (see \[[@CR6]\]), this construction requires the Lagrangian to be decomposed into horizontal and vertical parts with respect to the connection $\documentclass[12pt]{minimal}
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Vertical and horizontal Lagrangians {#Sec6}
-----------------------------------
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The un-reduction theorem {#Sec7}
------------------------

Using the previous splitting of the Lagrangian and the corresponding Lagrange--Poincaré equations ([7](#Equ7){ref-type=""}), we can state and prove the theorem of un-reduction in the field theory.

### Theorem 2 {#FPar2}

(Un-reduction theorem) Let *N* be a smooth oriented manifold endowed with a volume form $\documentclass[12pt]{minimal}
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### Remark 3 {#FPar4}

(Reduction to classical mechanics) In the case of classical mechanics where $\documentclass[12pt]{minimal}
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### Remark 4 {#FPar5}

(Boundary conditions) For the sake of simplicity, we have restricted ourselves to the family of compactly supported variations. This is the standard formulation in geometric field theories. However, one may also consider more general variations, such as non-compactly supported variations or variations which do not vanish along the boundary (if the manifold *N* has a boundary). In these more general cases, new terms will appear in the formulas above, and these may be easily computed by using the multisymplectic form formula, for example. See \[[@CR28]\] for more details.

Reconstruction and surjectivity {#Sec8}
-------------------------------

Recall that the un-reduction theorem [2](#FPar2){ref-type="sec"} says that solutions of the un-reduced problem project to solutions of the Euler--Lagrange equations defined by the Lagrangian *l*. One may ask if this projection is exhaustive, that is, if every solution of the variational equations for the reduced Lagrangian *l* is a projection of a solution for the Lagrangian *L*. The solution of this question may involve topological constraints concerning *N* (see the next Sect. [3.4](#Sec9){ref-type="sec"}), but we give here an answer assuming that *N* is simply connected or by just considering this question from a local point of view. From the Lagrange--Poincaré reduction theorem [1](#FPar1){ref-type="sec"}, the variational equations defined by *L* are equivalent to$$\documentclass[12pt]{minimal}
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### Proposition 5 {#FPar6}

In the notation of Theorem [2](#FPar2){ref-type="sec"}, if the space--time domain *N* is simply connected, then the un-reduction method is surjective. That is, each solution of the Euler--Lagrange equations for the reduced Lagrangian *l* is the projection of a solution of the un-reduced equations defined by *L* and *F*.

Topological constraints for un-reduction {#Sec9}
----------------------------------------

The topology of the manifold *N* may create interesting situations in the reconstruction and un-reduction frameworks. If *N* is not simply connected, the compatibility condition ([5](#Equ5){ref-type=""}) does not ensure the existence of global integral sections and the surjectivity of the projection $\documentclass[12pt]{minimal}
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Applications {#Sec10}
============

Planar curve matching {#Sec11}
---------------------

We begin the application section with curve matching, the main motivation for this work and the original un-reduction scheme initiated in \[[@CR6]\].

### Geometric setting {#Sec12}
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Unfortunately, the mechanical connection defined by these metrics (that is, the connection such that the horizontal and vertical distributions are orthogonal) need not coincide with the natural connection given in formula ([13](#Equ13){ref-type=""}). This problem has recently been tackled in \[[@CR5]\] where the authors exhibited the metrics that induce the natural connection. In particular, they showed that the mechanical connection for the metrics of the type$$\documentclass[12pt]{minimal}
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### Reduction and un-reduction {#Sec13}
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#### Remark 6 {#FPar7}
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                \begin{document}$$\mathcal {A}$$\end{document}$ here, as we did not need its explicit form for the derivation of the un-reduced equations, it is important that this connection is not trivial. In particular, the holonomy of the connection is non-trivial, even for the rigid motion of a circle. Interestingly, the holonomy is maximal in this particular case.

We are now ready to compute the un-reduction equation for curve matching that we write in the next proposition for $\documentclass[12pt]{minimal}
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#### Proposition 7 {#FPar8}

The un-reduced equations ([9](#Equ9){ref-type=""}) for the two-dimensional problem of planar curves defined by a kinetic Lagrangian with the metric ([18](#Equ18){ref-type=""}) are$$\documentclass[12pt]{minimal}
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#### Proof {#FPar9}

The Euler--Lagrange equation contains two terms, the first is readily found to be$$\documentclass[12pt]{minimal}
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                \begin{document}$$L^h|_x $$\end{document}$ is of the same form and is not displayed here. Since this Lagrangian is horizontal, we only consider variations of *c* that are horizontal with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}$$\end{document}$. These are variations of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta c= \mathbf {n} \xi $$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi \in C^\infty (S^1)$$\end{document}$. With the identities $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_\theta \mathbf {n} = -\kappa \mathbf {t}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J\mathbf {n}= -\mathbf {t}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J\mathbf {t}= \mathbf {n}$$\end{document}$, we compute$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\delta L^h|_t}{\delta c}\cdot (\mathbf {n}\xi )&= \int _{S^1} \left( c_t\cdot J(\mathbf {n} \xi )_\theta \right) \mathcal {P}_c\left( c_t\cdot \mathbf {n}\right) \mathrm{d}\theta + \frac{1}{2} \int _{S^1}h_t\frac{\delta \mathcal {P}_c}{\delta c}(h_t)\xi \mathrm{d}l \\&= \int _{S^1} \xi _\theta \left( c_t\cdot J\mathbf {n} \right) \mathcal {P}_c \left( c_t\cdot \mathbf {n}\right) \mathrm{d}\theta + \int _{S^1} \xi \left( c_t\cdot JD_\theta \mathbf {n} \right) \mathcal {P}_c \left( c_t\cdot \mathbf {n}\right) \mathrm{d}l \\&\quad + \frac{1}{2} \int _{S^1}h_t\frac{\delta \mathcal {P}_c}{\delta c}(h_t)\xi \mathrm{d}l\\&= \int _{S^1} \xi D_\theta \left[ \left( c_t\cdot \mathbf {t}\right) \mathcal {P}_c \left( c_t\cdot \mathbf {n}\right) \right] \mathrm{d}l - \int _{S^1} \xi \kappa \left( c_t\cdot \mathbf {n} \right) \mathcal {P}_c \left( c_t\cdot \mathbf {n}\right) \mathrm{d}l \\&\quad + \frac{1}{2} \int _{S^1}h_t\frac{\delta \mathcal {P}_c}{\delta c}(h_t)\xi \mathrm{d}l. \end{aligned}$$\end{document}$$The derivative of the Lagrangian is thus$$\documentclass[12pt]{minimal}
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For the exact form of the variational derivative of the operator $\documentclass[12pt]{minimal}
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In the majority of the homogeneous spaces where relevant $\documentclass[12pt]{minimal}
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The situation can even be considered in a more general framework. Let *L* be a first-order Lagrangian on a Lie group *G* which is right invariant under the action of a subgroup $\documentclass[12pt]{minimal}
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Hyperbolic curvature flow {#Sec15}
-------------------------

The hyperbolic curvature flow of plane curves (see for example \[[@CR25], [@CR34]\]) is the variational equation defined by the Lagrangian $\documentclass[12pt]{minimal}
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One of the main features and applications of the hyperbolic flow (as well as of other geometric flows of curves) is the study of the corresponding evolution of the shapes of curves. If we suppose that we just want to study this evolution in the shape space $\documentclass[12pt]{minimal}
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### Proposition 8 {#FPar10}

The un-reduced equations for the hyperbolic curvature flow with Lagrangian ([22](#Equ22){ref-type=""}) read$$\documentclass[12pt]{minimal}
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The equations of this proposition for $\documentclass[12pt]{minimal}
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                \begin{document}$$F^v=0$$\end{document}$ are the hyperbolic mean flow equations that can for example be found in \[[@CR25]\]. The usual approach in the literature uses $\documentclass[12pt]{minimal}
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Conclusion and open problems {#Sec16}
============================

Apart from having set up a precise mathematical framework for the concept of un-reduction in classical field theory, extending the work of \[[@CR6]\], the un-reduction applied to curve matching contains interesting open problems and possible improvements that we will briefly discuss below.

*Spatio-temporal matching* The first application of our field theoretical approach for curve matching would be for matching surfaces. Indeed, we can considering a given set of slices along a cylindrical surface (a typical example would be a bone) where *x* is understood as the parameter along the main axis of the surface. The first step would be to generate the initial and final conditions by using the un-reduction scheme for the initial value problem in order to interpolate between the curves each slice. This step is made with the classical un-reduction, and the second step uses the covariant un-reduction with a shooting method in time to find the solution of the full problem, that is, a critical point of the action functional $\documentclass[12pt]{minimal}
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                \begin{document}$$\int L(c,c_t,c_x) \mathrm{d}t\mathrm{d}x$$\end{document}$. In our simple case with a quadratic Lagrangian, this solution will be a harmonic map, or a minimal surface, and would then require mathematics beyond the present discussion. This model could compute the distance between two surfaces, taking into account the fact that the interpolation between the slices in space should be imposed simultaneously with the matching in time. The resulting distance will be different than a naive model, which would compute the matching in time, slice by slice. For an illustration of matching slice by slice, we refer to the last example in \[[@CR11]\] where a surface representing a nasal cavity is reconstructed out of a set of slices. The step done in this work corresponds to the generation of initial and final surfaces only, whereas the covariant un-reduction scheme would compute the distance between these two surfaces by taking into account the temporal deformation of the entire nasal cavity.

Another application would be for the spatio-temporal analysis, recently reviewed in \[[@CR14]\], but from yet another viewpoint. Indeed, the matching in space done in \[[@CR14]\] does not depend on a space parameter, but is instantaneous, namely given by a single map between the two curves. In \[[@CR14]\] they also included a "time warp" which accounts for the change of pace of the evolution of the two models to be compared. In our case, the spatial variable comes into play on the same footing as time and may thus bring more flexibility into the comparison. Again, the theory of harmonic maps could help in understanding the properties of the solutions and it would even be possible that the concept of time warp of \[[@CR14]\] could be recovered in this context.

*Choice of the vertical force* The freedom in the choice of the vertical force in the un-reduction equations provides additional flexibility for further studies when dealing with particular examples. Different types of forces could be considered such as a force which would optimally redistribute the parametrisation along the curve so that the number of points needed for the discretisation would be optimal. Another force could be used to match the paramerisation of the target curve in order to avoid the use of the computationally more expensive method of currents.

*Implementation* In principle, the un-reduction equations in ([20](#Equ20){ref-type=""}) can be used to solve a matching problem with a shooting method. However, the treatment of the Sobolev operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {P}$$\end{document}$ in these equations and especially its inversion raises an technical difficulty. Indeed, the operator $\documentclass[12pt]{minimal}
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                \begin{document}$$D_\theta $$\end{document}$ and the use of a standard Fourier transform would be problematic as the mesh along the curve is not uniform in general. At least two alternative approaches could be useful here. Either one may assume small non-uniformities of the parametrisation, so that the usual Fourier transform would be a good approximation, as done in \[[@CR1]\], or one could use a non-uniform discrete Fourier transform. Another possible approach would be to solve the matching problem directly, by minimising the action functional $\documentclass[12pt]{minimal}
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                \begin{document}$$S= \int L \mathrm{d}x +\int F \mathrm{d}x$$\end{document}$ on the space of parametrised curves, as recently implemented in \[[@CR2]\] for example. In the last approach, however, one needs to explicitly compute the horizontal force ([10](#Equ10){ref-type=""}) used in the un-reduction scheme.
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